EVERY SIMPLE HIGHER DIMENSIONAL NONCOMMUTATIVE 
TORUS IS AN AT ALGEBRA 

N. CHRISTOPHER PHILLIPS 



Abstract. We prove that every simple higher dimensional noncommutative 
torus is an AT algebra. 



0. Introduction 

A higher dimensional noncommutative torus is the universal C*-algebra gener- 
ated by unitaries which commute up to specified scalars. Thus, it is a generalization 
of the rotation algebra Ag to more generators. The commutation relations are deter- 
mined by a real skew symmetric matrix; see Notation II .11 for a precise formulation. 
In this paper, we prove that every simple higher dimensional noncommutative torus 
is an AT algebra, that is, a direct limit of finite direct sums of C*-algebras of the 
form C{S^, M„) for varying values of n. 

The first result in this direction is the Elliott-Evans Theorem ^U] for the ordinary 
irrational rotation algebras, which we use here as the initial step of an induction 
argument. Without giving a complete list of later work, we mention four highlights. 
All simple three dimensional noncommutative tori were shown to be AT algebras 
by Q. Lin In arbitrary dimension, "most" simple higher dimensional noncom- 
mutative tori were shown to be AT algebras by Boca Kishimoto (Corollary 6.6 
of |18| ') obtained this result in all cases in which, in the skew symmetric matrix 
giving the commutation relations, the entries above the diagonal are rationally in- 
dependent, as well as some others. Theorem 3.14 of shows that the crossed 
product of {S^)'^ by a minimal rotation is an AT algebra; in this case, most of the 
entries of the relevant skew symmetric matrix are zero. 

Our proof is by induction on the number of generators. Every higher dimensional 
noncommutative torus can be written as an iterated crossed product by Z, and the 
proof of Kishimoto's result uses an inductive argument which works whenever the 
intermediate crossed products are all simple. One has some choice here: different 
choices of the commutation relations may well give the same C*-algebra. As a very 
simple example, one might simply write the generators in a different order. Un- 
fortunately, it seems not to be possible in general to choose commutation relations 
to give the same algebra, or even a Morita equivalent algebra (see ^5]), and in 
such a way that Kishimoto's method applies, or even in such a way as to get a 
tensor product of algebras to which this method applies. However, if one allows 
one more kind of modification, namely the replacements of unitary generators by 
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integer powers of themselves, then it is always possible to replace a noncommuta- 
tive torus by a tensor product of algebras covered by Kishimoto's method. The 
new algebra isn't isomorphic, or even Morita equivalent, to the original. But if 
one replaces only one generator, the new algebra is the fixed point algebra of a 
tracially approximately inner action j28| of a finite cyclic group which has the tra- 
cial Rokhlin property j2Hl- As proved in this operation thus preserves tracial 
rank zero. Because Kq and Ki are torsion free, H. Lin's classification theorem for 
simple nuclear C*-algebras with tracial rank zero. Theorem 5.2 of shows that 
this operation preserves the property of being an AT algebra. Indeed, the tracial 
Rokhlin property was introduced specifically for this purpose. It is not possible to 
substitute the Rokhlin property of |E1 and in this argument. As we show in 
Corollarv K^.151 the relevant action does not have the Rokhlin property. 

This paper is organized as follows. Section ^ contains various preliminaries. 
There is little that is really new, but our presentation gives the material in a con- 
venient form and establishes notation for the rest of the paper. In Section [2 we 
prove that if A is a simple higher dimensional noncommutative torus, then the au- 
tomorphism which multiplies one of the standard unitary generators by exp(27ri/n) 
generates an action of Z„ with the tracial Rokhlin property. In Section 13 we use 
this result, Kishimoto's result, and H. Lin's classification theorem 23 , to construct 
an inductive proof that every simple noncommutative torus is an AT algebra, and 
we obtain several corollaries. 

This paper contains the material of Sections 5 through 7 of the unpublished long 
preprint |?7] . 

We use the notation Z„ for Z/nZ; the p-adic integers will not appear in this 
paper. If A is a C*-algebra and a: A —>■ A is an automorphism such that a" = 
id^, then we write C*(Z„, A, a) for the crossed product of A by the action of Z„ 
generated by a. We write p ^ q to mean that the projection p is Murray-von 
Neumann equivalent to a subprojection of q, and p ^ q to mean that p is Murray- 
von Neumann equivalent to q. Also, [a, b] denotes the additive commutator ab — ba. 

I am grateful to Marc Rieffel for discussions concerning higher dimensional non- 
commutative tori, and in particular for pointing out that it was not known whether 
a higher dimensional noncommutative torus is isomorphic to its opposite algebra. 
See Corollary 13. 141 this remains open in the nonsimplc case. I would like to thank 
Hiroyuki Osaka for carefully reading earlier versions of this paper, and catching a 
number of misprints and suggesting many improvements, and Hanfeng Li for useful 
comments, including the improvement of Lemma 12.111 

1. Higher dimensional noncommutative tori 

In this section we present, in a form convenient for our purposes, some mostly 
standard facts about higher dimensional noncommutative tori and about irrational 
rotation algebras. 

Notation 1.1. Let be a skew symmetric real d x d matrix. The noncommuta- 
tive torus Ag is by definition 34 the universal C*-algebra generated by unitaries 
ui,U2, ■ ■ ■ ,Ud subject to the relations 

UkUj — exTp{2TTi6j_k)ujUk 

for I < j, k < d. (Of course, if all 6j^k are integers, it is not really noncommutative.) 

Some authors use dkj in the commutation relation instead. See for example |17j . 
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Remark 1.2. We note (see the beginning of Section 4 of [^21 and the introduction 
to PSl) that Ae is the universal C*-algebra generated by unitaries Ux, for x G Z**, 
subject to the relations 

UyUx = exp{-Ki{x,6{y)))ux+y 

for X, y G . 

It follows that if i? e GLd(Z), and if _B' denotes the transpose of i?, then 
AsteB — ^6- That is, Ag is unchanged if 9 is rewritten in terms of some other basis 
of Z'^. 

Remark 1.3. Let a be a skew symmetric real bicharacter on Z**, that is, a Z- 
bilinear function a: Z'' x Z'' R such that a{x,y) = —a{y,x) for all x, y G TL'^ . 
For any basis 62, • ■ ■ , ^d) of Z'', there is a unique skew symmetric real d x d 
matrix 9 such that 

for all X, y G Z''. We define Aq, = Ag. Remark |l.2l shows that this C*-algebra is 
independent of the choice of basis. 

Remark 1.4. Let a be a skew symmetric real bicharacter on Z"*, and let H dU^ 
be a subgroup. Then H = Z™ for some ni < d. By abuse of notation, we write a\H 
for the restriction of a to iJ x iJ C Z'' x Z''. There is a noncommutative torus „ 
by Remark ^31 which does not depend on the choice of the isomorphism H = Z™. 

For a skew symmetric real dxd matrix 9 and a subgroup i7 C Z"* with a specified 
ordered basis, we write 9\h for the matrix in that basis of the restriction to H of the 
real bicharacter {x, y) 1-^ {x, 9y). For subgroups such as Z™ x {0} or Z™ x {0} x Z', 
we use without comment the obvious basis. 

We formalize a remark made in 1.7 of 8 , according to which every noncommu- 
tative torus can be obtained as a repeated crossed product by Z. 

Lemma 1.5. Let a be a skew symmetric real bicharacter on U^. Then there is an 

automorphism ip of A^y^^_^ which is homotopic to the identity and such that 

Proof. Let 9 be the matrix of a in the standard basis. Let /3 — a\id-i ^ {0} ■ Then the 
matrix of (3 is {9j^k)i<j.k<d-i- Let ui, M2, . . . , Ud-i be the standard generators of 
Afj. Then Lp is determined by ifiiuj) = e'x.p{2Triaj^d)uj. It is clear that ip is homotopic 
to the identity. I 

The following definition is essentially from Section 1.1 of |37| . 

Definition 1.6. The skew symmetric real dxd matrix 9 is nondegenerate if when- 
ever X G satisfies exp{2Tri{x,9y)) = 1 for all y e Z'^, then x = 0. Otherwise, 
9 is degenerate. We similarly refer to degeneracy and nondegeneracy of a skew 
symmetric real bicharacter on Z''. 

Lemma 1.7. Let 6* be a skew symmetric real dxd matrix. Then 9 is degenerate 
if and only if there exists x eQ'^\ {0} such that {x, 9y) e Q for all y G Q''. 
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Proof. If 6 is degenerate, choose w such that cxp{2TTi{w,9y)) = 1 for aU 
y E l/-. Then (w, 6y) G Z for all y E 71/ . If now y G Q'' is arbitrary, then there 
exists m e7L \ {0} such that my E Z'K So 

{w,9y) ^ ^{w,9{my)) e C Q. 

Conversely, assume x G Q'^ \ {0} and {x, Oy) G Q for all y G Q''. Choose 
m G Z with m > such that m{x^ 65k) G ^ for 1 < k < d. Then mx ^ 
and exp(27ri(ma;, ^y)) = 1 for all y G 1/ . I 

Lemma 1.8. Let be a skew symmetric real dxd matrix. Let B G GLd(Q). Then 
B*'9B is nondegenerate if and only if 9 is nondegenerate. 

Proof. It suffices to prove one direction. Suppose 9 is degenerate. By Lemma 1 1.71 
there is a; G Q'' \ {0} such that {x, 9y) G Q for all y G Q'*. Then B-^x G \ {0} 
and 

{B-^x, B^9By) = {x, 9By) G Q 
for all y G Q'*. So B*^9B is degenerate. I 

The following result is well known. 

Theorem 1.9. The C*-algebra Ag of Notation 11.11 is simple if and only if 9 is 
nondegenerate. Moreover, if Ag is simple it has a unique tracial state. 

Proof. If 9 is nondegenerate, then Ag is simple by Theorem 3.7 of [23. (Note the 
standing assumption of nondegcneracy throughout Section 3 of '37'.) 

When Ag is simple, the proof of Lemma 3.1 of 37 shows that Ag can have at 
most one tracial state. Existence of a tracial state is well known, or can be obtained 
from Lemma ll. 51 bv induction on n. 

If 9 is degenerate, then we follow 1.8 of 0. Choose n G \ {0} such that 
exp(27ri(n, 9y)) — 1 for all y G Z''. Then v — u"^U2^ ■ • ■ u^'' is a nontrivial element 
of the center of Ag, which is therefore not simple. I 

Finally, for reference and to establish notation, we recall several facts about the 
ordinary rotation algebras (the case d = 2). (As far as we know, the last lemma has 
not appeared before, but its proof is easy.) We will consider various embeddings of 
rotation algebras into higher dimensional noncommutative tori. Therefore, for rj G 
M we let Vri and denote the standard unitary generators of A^, satisfying w^w,, = 
eyip{2iTiri)vriWri. In this way, we avoid confusion with the generators ui, U2, . . . , Wrf 
of a higher dimensional noncommutative torus Ag. 

The proof of the next theorem is contained in Theorem 1.1 and Proposition 1.3 
of 0. Also see Corollary 3.6 and Definition 3.3 of ,331 ■ We refer to [H] for informa- 
tion on continuous fields of C*-algebras. See especially Sections 10.1 and 10.3. 

Theorem 1.10. For G M let A^j be the rotation algebra, with generators as 
described above. Let A be the C*-algebra of the discrete Heisenberg group, which 
is the universal C*-algebra generated by unitaries v, w, z subject to the relations 

wv — zvw, zv — vz, and zw — wz. 

Then there is a continuous field of C*-algebras over whose fiber over exp(27ri77) 
is An, whose C*-algebra of continuous sections is A, and such that the evaluation 
map evj; : A ^ of sections at exp(27ri7y) is determined by 

ev^(u) = Vri, evri{w) = Wri, and ev,j(z) exp(27ri?7) • 1. 



SIMPLE HIGHER DIMENSIONAL NONCOMMUTATIVE TORUS 



5 



Since we will only formally deal with one continuous field in this paper, the 
following notation is unambiguous. 

Notation 1.11. For a subset E C S^, we let T{E) be the set of continuous sections 
of the continuous field of Theorem II . lUI over E. (See 10.1.6 of 

For any such section a, we further write a{r]) for a(exp(27rj77)). No confusion 
should arise. 

Lemma 1.12. Let the notation be as in Theorem 11.101 and Notation 11.111 Let 
be the standard trace on A^, satisfying r(l) — 1 and t,,(w™wJ^') — unless 
m = n = 0. (If is viewed as a crossed product by rotation on the circle, then 
comes from normalized Haar measure on the circle.) Let U C he an open set, 
and let a G T(U). Then rj t— > T^{a{rii)) is continuous. 

Proof. We check continuity at r/Q. Choose a continuous function h: ^ [0, 1] such 
that supp(ft.) C U and such that /i = 1 on a neighborhood of rjo. Then it suffices to 
consider the continuous section ha in place of a. Now ha is the restriction to U of a 
continuous section b defined on all of S^, satisfying b{C,) = for C, ^U. Accordingly, 
we may restrict to the case U — . Then a € A. 
From the formulas 

ev,,(t;) — Vri, ev^(u') — Wri, and ev^(z) = exp(27ri77) • 1 

and the definition of r,, , it is immediate that if b is any (noncommutative) monomial 
in V, w, z, and their adjoints, then rj t-^ Tr,{b{rii)) is continuous. Therefore the 
same holds for any noncommutative polynomial, and hence for any norm limit of 
noncommutative polynomials, including a. I 

Lemma 1.13. Let the notation be as in Theorem 11.101 and Lemma 11.121 Let 
77 G M \ Q. Let n G N, let w = exp(27ri/rt), and let a: A,, — + be the unique 
automorphism satisfying a{vr,) = LoVri and a(w,,) = w,,. Then for every e > there 
exist mutually orthogonal projections eo, ei, . . . , e„_i such that (with e„ = eo) we 
have a(ej) = Cj+i for < j < n — 1, and such that 1 — nr^(eo) < s. 

Proof. Set Eo — Let f : ^ [0, 1] be a continuous function such that supp(/) 
is contained in the open arc from 1 to w, and such that /(C) = 1 for all C in the 
closed arc from exp(27ri£o) to exp (27ri — £0]) ■ Then /(w,,) is a positive element 
of An with ||/(t'T,)|| < 1 and Tnifiv^)) > ^ — 2eo. Since A^ has real rank zero (see 
Remark 6 of [121, o^' Theorem 1.5 of O), there is a projection cq in the hereditary 
subalgebra i? of generated by /(w^) such that \\eof{vjj) — f{vjj)\\ < £o- Therefore 
\\eof{vr,)eQ - f{vr,)\\ < 2£o- Since eo/(u,,)eo < eo, it follows that 

T,,{eo) > T,,{eof{vn)e()) > r^(/(w,,)) - 2eo > ^ - 4eo- 

We have a''{f{vn))a'-{f{vn)) = ior < k, I < n - 1 and k ^ I. Therefore 
a''{B)a''{B) = {0} for such k and I, whence also a'^{eo)a\eo) = 0. Define Cfc = 
a''{eo) for < k < n—1. Then eo, ei, . . . , e„_i are mutually orthogonal projections 
such that a(ej) = e^+i for < j < n — 1. Moreover, 

1 - nT,,(eo) < 1 - n (i - 4£o) = 4neo = e, 

as desired. I 
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2. The tracial Rokhlin property and higher dimensional 
noncommutative tori 

In this section, we prove that if 6 is nondegenerate, then the action of Z„ which 
multiphes one of the standard generators of Ag by a primitive n-th root of 1 has 
the tracial Rokhhn property. We note for comparison the related result in Section 6 
of jl7| : if a G Aut(Ae) is of the form a{uj) = \jUj, with Ai, A2, . . . , A„ € , and if 
all positive powers of a are outer, then a has the Rokhlin property. However, our 
action of Z„ does not have the Rokhlin property. See CoroUarv 13 . 1 51 below . 

One might hope to prove the tracial Rokhlin property fairly directly, using one 
of the criteria in Section 5 of 6 or Section 1 of "55^ . This approach does not work, 
because these criteria all assume that the C*-algebra involved is already known 
to have tracial rank zero, while our argument requires knowing that the action 
on a particular higher dimensional noncommutative torus has the tracial Rokhlin 
property before we know that it has tracial rank zero. Instead, as is done in the 
proof in that Ag has real rank zero, and analogously to Section 6 of ^7], we will 
reduce to a construction in the ordinary irrational rotation algebras. The idea is to 
find an approximately central copy of an ordinary irrational rotation algebra 
such that the restriction to it of our action is the one in Lemma 11.131 Since the 
projections in A^ must be chosen ahead of time, at least approximately, we must 
require that 77 be arbitrarily close to some fixed ryg. Nondegeneracy enters through 
Lemma lT^ below. To obtain the correct restricted action, we use the condition Q 
in Lemma l2 .81 below. From then on, we roughly follow the argument used in ^ to 
prove approximate divisibility. We vary the arrangement slightly to make part of 
the argument easily available for use elsewhere. 

We recall the tracial Rokhlin property for actions of finite cyclic groups on infinite 
dimensional finite simple unital C*-algebras. The following result is Lemma 1.16 
of [2H|j for the case that the group is cyclic. 

Proposition 2.1. Let A be an infinite dimensional finite simple unital C*-algebra, 
and let a G Aut(A) satisfy a" = id^- The action of Z„ generated by a has the 
tracial Rokhlin property if and only if for every finite set F G A^ every e > 0, and 
every nonzero positive element x £ A, there are mutually orthogonal projections 
Co, ei, . . . , e„_i G A such that: 

(1) ||ck(ej) — Cj+ill < e for < j < n — 1, where by convention wc take the 
indices mod rt, that is, e„ = cq. 

(2) \\eja — acj \\ < e for < j < n — 1 and all a G F. 

(3) With e — jyjZo ^jj the projection 1 — e is Murray- von Neumann equivalent 
to a projection in the hereditary subalgebra of A generated by x. 

Definition 2.2. Let 6* be a skew symmetric real d x d matrix. Let 

n = (ni, n2, . . . , nrf) G Z'' and v ^ u^^u^^ ■ ■ ■ £ Ag. 

We write 7„ for the inner automorphism Ad(u) of the noncommutative torus 
Aq. We further define a homomorphism a:!/^ ('5'^)'* by the formula ^(n)^ = 
exp(27ri(0ri)j) for \ < j < d. (Here the expression Bn is the usual action of a d x c? 
matrix on an element of M''.) 

Lemma 2.3. Let 6* be a skew symmetric real d x d matrix. With 7 and a as in 
Definition 12.21 we have 7n(uj) = a{n)jUj for n G Z"* and 1 < j < d. Moreover, if 
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m G Z"*, then 

7„«^u"^ • • • u"^') = exp(2^^(m, 9n)yi''u^' • • • u^" 

for all tKEZ'^. 

Proof. The first formula is the special case of the second obtained by setting m — Sj, 
the j-th standard basis vector of Z*^. By linearity, both formulas will follow if we 
check the first when m = dj and n = 6k- Since {05k)j = Oj^k, this is just the 
commutation relation 

UkUjul. = exp(27ri0j.fc)uj, 
which is the same as the one in from Notation ll.il I 

Lemma 2.4. Let be a skew symmetric real d x d matrix. The homomorphism 
a: Z'^ ^ {S^)'^ of Definition 12 . 21 has dense range if and only if 6 is nondegenerate. 

Proof. Assume a does not have dense range. Let H — cr(Z''), which is a proper 
closed subgroup of (S^)'^. Choose a nontrivial character /x: {S^)'^ whose kernel 

contains H. By the identification of the dual group of (S^)'^, there is r E Z'^ \ {0} 
such that 

MCi,C2,...,Crf) = crc2^---C'' 

for all C £ {S^)"^- Because H C Ker(/i), for all n e Z'^ we have 

1 = = exp(27ri(6'n)i)'^i exp(27ri(6'n)2)''" • • • exp(27ri(6'n)d)'"'' 

= exp(27ri(r, 6n)). 

Thus 9 is degenerate. 

Now suppose that 9 is degenerate. Then we may choose r ElA \ {0} such that 
exp{2'Ki{r,9n)) = 1 for all n G Z'^. Reversing the above calculation, we find that 
the nontrivial character 

satisfies fi{(T{n)) = 1 for all n G Z''. Therefore a does not have dense range. I 

Corollary 2.5. Let 9 he a nondegenerate skew symmetric real d x d matrix. Let 
G C Z'' be a sub group with finite index. Let a: Z'^ ^ {S^Y be the homomorphism 
of Definition lO Then a{G) is dense in (5^)''. 

Proof. Let H ~ <^{G). Let S* be a set of coset representatives for G in Z'^. Then 
the sets a(jn)H, for m E S, are closed and are pairwise equal or disjoint. By 
Lemma |2 .41 their union is (5'^)''. Since there are finitely many of them, and since 
{S^Y is connected, it follows that all are equal to (5'^)''. I 

Corollary 2.6. Let 6* be a nondegenerate skew symmetric real d x d matrix. Let 

Cij C,2i ■ ■ ■ ,Cd G . Let a E Ae he the automorphism determined by a{uj) =^ (jUj 
for 1 < j < d. Then a is approximately inner. 

Proof. It suffices to find, for all e > 0, a unitary v G Ag such that \\a{uj) — vUjV* \\ < 
e for 1 < j < d. Choose (5 > small enough that if (o^i, 1.^2, ■ • ■ , ^jJd) G [S'^Y satisfies 

d{{uJi,UJ2, ■ ■ ■,UJd), (Cl,C2, ■ • ■ ,Cd)) < S, 

then \ujj — Q\ < e ior 1 < j < d. Then use Lemma [2.41 to choose n € Z'^ such that 
d{a{n), (Ci, C2, . . . , Cd)) < S. Take v = u'^'u^^ ■■■u^" and use Lemma lO I 
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Lemma 2.7. Let be a nondegenerate skew symmetric real d x d matrix. Let 
n, N N, and let 1 < fc < d. Then for every e > there exists I — (Zi, Z2, • ■ • , Id) £ 
Z'^ such that: 

(1) V = U1U2 ■ ■ - u^ satisfies \\vuj — Ujv\\ < e for 1 < j < d. 

(2) Ik = 1 (mod n). 

(3) There is j such that | > N. 

Proof. Without loss of generahty k = 1. Set a — Ad(u*). There are Ci, C2, ■ • ■ , G 
such that a{uj) = Quj for I < j < d. Let G = nL © Z''"^, which is a finite 
index subgroup of . According to Corollary 12.51 the subgroup (j{G) is dense in 
[S^f. Let 

F = {l^II^: l^j I < iV + 1 for 1 < j < d}. 
Since F is finite, (t(G \ F) is also dense in {S^Y ■ Choose 5 > small enough that 
if (wi, • ■ • , G (5'^)'' satisfies 

rf((wi,^^2, ■ • ■ ,w<i), (Cl,C2, ■ • ■ ,Cd)) < (5, 
then jwj — Cjl < ^ for 1 < j < d. Then use density of a{G \ F) to choose r € 
G \ F such that d{a{r), {(1,(2, ■■■ , Cd)) < S. So with vq = u{^u^2 ' ' ' Ki ^ 
llwoUj^o — < £ for 1 < j < d. Define 

/ = (ri + 1, r2, . . . , Td) G and v = u'iU2 ' ' ' ''^^d ~ ^^'^o ^ -^o- 
Clearly — Uj\\ < e for 1 < j < d. We have /i = 1 (mod n) because ri G nZ. 

We have \ > N for some j, because |rj| > iV + 1 for some j. I 

The next lemma is the analog in our context of Lemma 4.6 of 

Lemma 2.8. Let be a nondegenerate skew symmetric real d x d matrix. Let 

n G N, let 1 < < d, and let ijo € M.\Q. Then for every e > there exist 

I ~ {hjh, ■ ■ ■ ,ld) & '^'^ and to = (rni, m2, . . . , rTi^) G Z'' 

such that: 

(1) V = U1U2 ' ■ ' ''^^d ^ ~ u™^?/™^ • • ■ w™'' satisfy \\vuj — Ujv\\ < e and 
\\wuj — Ujw\\ < e for 1 < j < d. 

(2) There is 77 G M\Q such that | exp(27ri?7) — exp(27ri77o)| < e and the unitaries 
V and w of Part satisfy wv = exp{2'Kir])vw . 

(3) Ik = 1 (mod n) and = (mod n). 

Proof. Without loss of generality fc = 1 and Tyo G [— 5, ^] ■ Choose A'^ G N so large 
that 2tt/N < e. Use Lemma [2.71 with 9, n, and e as given, with fc = 1, and with 
this value of A^, obtaining 

leZ'^ and V = u['u^ ■■■u^. 

Note in particular that — Uj\\ < e for 1 < j < d and = 1 (mod n). Let s 

be an index such that \ls\ > N. 
Let 

T = {77 G M: «'W2=^ • • • V «^U2' • • • u/)* = ejip{2Triri)v for some r G Z"*} . 

Then T is a subgroup of R which is generated by d + 1 elements, namely 1 and 
elements corresponding to letting r run through the standard basis vectors of Z'^. 
So T n Q is also finitely generated, and is therefore discrete. Since 770 ^ Q, we have 
dist(%, T n Q) > 0. Set Eq = min(e, dist(?7o, T D Q)). 
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Set 

d 

M — and 6 ^ min (^Sq, M^^Eq) . 

Let G be the finite index subgroup G = nZ (B U^^^ C . Let 

A = (1, . . . , 1, exp(2^ir;o//.), 1, . . . , 1) G {S^ , 

where exp(27ri7yo/^s) is in position s. Use Corollary 12 . 51 and Lemma f2. 31 to choose 
m ^ G such that cr(m), as in Definition l2.2l is so close to A that w — u^^u^^ ■ ■ ■ u™"* 
satisfies \\wujw* — Uj\\ < S for j ^ s, and — exp(27ri77o/Zs)Ms|| < S. 

Since S < e, it is clear that \\wujW* ~ Uj\\ < e for j ^ s. Also 

— Ms|| < \\wUsW* — exp(27ri?7o/^s)us|| + | exp(27ri77o/?s) ~ 1|- 
Using S < ^e, the first term is less than ^e. The second term satisfies 



I exp(27ri77o/Zs) — 1\ < 2n 



2"- 



Therefore \\wUjW* — Uj\\ < e for j — s as well. This completes the verification of 
Part of the conclusion. Part holds because mi G nZ by construction. 

It remains to prove Part Q. For each j with 1 < j < d, there is (^j G 5^ such 
that wUjW* — Quj. Then 

wvw* ^C['&--<d'^- 
Thus wv = eiip{2Trir])vw for some rj G M. By construction we have IQ — 1| < M^^eo 
for j ^ s, and \(^s — exp(27rM/o/^s)| < M^^Eq. It follows that 

IClXz' • ■ • Cd' - exp(27rz,7o/^.)'= | < |^.| ■ |G - exp(2^zr;o/;.)| + J2 l^^l ' 10 " 1| 

d 

<^|/,|M-%<eo. 

Therefore 

llww - exp{2nir]o)vw\\ = |Cj'C2' ' ' ' Crf" - exp(27ri77o) | < Eq, 

which is the same as | exp(27ri77) — exp(27ri77o)| < Sq. In particular, | exp(27ri77) — 
exp(27ri77o)| < e, as desired. Moreover, rj € T and there is no p G T fl Q such that 
I exp(27rip) — exp(27ri77o)| < £o, whence 77 Q. I 

The proofs of the next two results together parallel the proof of Theorem 1.5 of 
The first of them says, roughly, that higher dimensional noncommutative tori 
contain approximately central copies of irrational rotation algebras, constructed 
in a special way. Unfortunately, the rotation parameter varies with the degree of 
approximation. 

Lemma 2.9. Let be a nondegenerate skew symmetric real d x d matrix, let 
n G N, and let 1 < fc < d. Then for every rjo G M, every open set U C containing 
exp(27ri77o), every finite subset F C Ag, every finite subset S C T{U) (following 
Notation II. and every e > 0, there exist 77 G R \ Q and 

I = {h, h, - ■ ■ , Id) G Z"^ and m = (mi, m2, . . . , m^) G Z'^ 

such that: 
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(1) \r] ~ Tjol < € and exp(27ri77) G U. 

(2) X = v}-lv}^ • ■ • and y = w™^^™^ • ■ • u™'' satisfy yx = exp{2TTiri)xy. 

(3) Following the notation of Theorem ll.lOl and with x and y as in Part 

let if: — > Ag be the homomorphism such that (p{vri) = x and ^p{wr,) = y. 
Then ||[a, (p(&(7]))]|| < e for all a e and aU h e S. 

(4) Ik = 1 (mod n) and = (mod n). 

Proof. Let the notation be as in Theorem 1 1 . 1 Ul and Notation II. Ill 

Without loss of generality e < 1. Then there is eg > such that whenever ( G S*^ 
satisfies |C — exp(27rj77o)| < eo, there is a unique 77 G R such that exp(27r«?7) — ( and 

\v - ml < £■ 

Without loss of generality ||a|| < 1 for all a G i^. Replacing U by an open 
set V with exp(27rj77o) £ V CZ V C U, we may assume every 6 G S" is bounded. 
Then without loss of generality ||6(r?)|| < 1 for all 6 G 5* and 77 G ?7. Write F = 
{ai, 02, . . . , as} and S = {61, 62, . . . , 64}. Choose polynomials 51, 52, ■ ■ • , 5t hi four 
noncommuting variables such that 

ll5r(Wr,o> ^^^0' ^no: ) " ^rMW < j£ 

for I < r < t. Because the rotation algebras form a continuous field over 
fTheorem ll.lU|l . there is (5 > such that whenever \rj — rio \ < S we have exp(27ri77o) G 
U, and 

\\gr{v,^, V*, Wrj, W*) - br{T])\\ < 

for 1 < r < i. 

Choose polynomials /i, /2, . . . , /t in 2(i noncommuting variables such that 

s 

\\fr{ui, ul, Ud, O - a^ll < , . 

7(1 + e) 

for 1 < r < s. Choose (see Proposition 4.3 of [Sj) > such that whenever 13 is a 
C*- algebra and 

ci,C2, . . . ,C2d,di,d2,d3,di G D 
are elements of norm 1 which satisfy ||[cr,dj]|| < Sq for all j and r, then 

||[/r(ci,C2, . . ■,C2d), gj{di,d2,d3,d4)]\\ < ie 

for 1 < r < s and 1 < j < t. 

Apply Lemma |2 . 81 with 9, n, 770, and k as given, and with min(eo, (5, (5o) in place 
of e. We obtain ry G M \ Q and 

I — {liTh, ■ ■ ■ ,ld) ^ '^'^ and ttt, = (ttt-i, 7712, . . . , m^;) G Z"*. 

Set 

x = u['u[^ ---u'^^ and y = wf^u™^ • ■ • wj''. 

By the choice of Eq, we may assume that I?/ — 770I < £, and by the choice of S we have 
exp(27ri77o) G U. This is Part of the conclusion. Parts l(2Jl and Q are immediate. 

It remains to prove Part Q . Part ^ of the conclusion of Lemma 12.81 and the 
choice of Sq ensure that 

\\[fr{ui, ul, Ud, u*j), gj{x,x*,y,y*)]\\ < jE 

for 1 < r < s and 1 < j < t. From the choice of 6, we get 

\\gjix,x*,y,y*)\\ < \\ip{bj{r]))\\ + <l + e 
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for 1 < j < t. Using the choice of the polynomials /r, we therefore get 
||[a., ^{b,{vm\<nar\\-yibM)~9jix,x*,y,y*)\\ 

+ 2\\ar - friui, ul, Ud, u*i)\\ ■ \\gj{x,x*,y,y*)\\ 
+ l|[/r(ui, K, Ud, u*j), gj{x,x*,y,y*)]\\ 

for 1 < r < s and 1 < j < i, as desired. I 

Proposition 2.10. Let be a nondegenerate skew symmetric real d x d matrix. 
Let n e N, let cj = exp(27rj/rj), let 1 < A; < d, and, following Notation 11.11 let 
a: Ag Ag the unique automorphism satisfying a{uk) = ujUk and a{ur) = Ur for 
r ^ k. Then the action of Z„ generated by a has the tracial Rokhlin property. 

Proof. Let r be the unique tracial state on Ag (Theorem II. 9|l . We will show that 
for every e > and every finite subset F C Ag, there are mutually orthogonal 
projections cq, ei, . . . , e„_i S Ag such that: 

(1) \\a{ej) - Cj+i II < £ for < j < n - 1. 

(2) \\eja — acjll < e for < j < n — 1 and a E F. 

(3) 1 - nr(eo) < s. 

We first argue that this is enough to deduce the tracial Rokhlin property. We 
must prove Condition Q in Proposition 12.11 We first recall (see Theorems 6.1 
and 7.1 of [221, or Theorems 1.4(d) and 1.5 of [H]) that if p, g G Ag are projections 
with t{p) < T{q), then p q. Also, Ag has Property (SP) by Theorem 1.4(b) of 
If now a nonzero positive element x G Ag is given, then we may use Property (SP) 
to find a nonzero projection p S xAx. Require e < min(r(p), 1). Then a{ej) ~ ^j+i- 
Let e = J2^=o ^3- T^^^^ gives t(1 — e) — 1 — nT(eo) < e, whence r(eo) > ^(1— e). Now 
t(1 — e) < £, which implies t(1 — e) < t(p), so that Condition Q of ProDOsition l2.1l 
follows from the comparison result above. 

Now we prove Conditions JQ), l(2Jl, and © at the beginning of the proof. Let 
the notation be as in Theorem 1 1 . 1 Ul and Notation II. Ill Let e > 0. Choose and fix 
rjQ G R \ Q. Choose ei > such that whenever ag, oi, . . . , a„_i are elements of a 
unital C*-algebra D with 

WajOr — Sj^rO-jW < £i and ||a* — aj|| < Ei 

for < J, r < n — 1, then there are mutually orthogonal projections 

qoiQi, ■ ■ ■,qn-i e D 

such that \\qj — aj\\ < ^n^^£ for < j < n — I. (For example, apply Definition 2.2 
and Lemma 2.3 of with the finite dimensional C*-algebra B taken to be C""*"^, 
using in addition the element o„ = 1 — X]J=o POiPIt ■ ■ iPn-i G A^^ be the 

projections eo, ei, . . . , e„_i of Lemma [1.131 for 770 in place of r] and |e in place of e. 
Because the rotation algebras form a continuous field over with section algebra 
A f Theorem II.IOII . we may choose Cq, Ci, . . . , c„_i G A such that ev^(,(cj) — Pj 
for < j < n — 1, and we can furthermore find > such that | exp(27ri77) — 
exp(27rjr7o)| < Sq implies 

||ev^(cj)ev,,(cr) - ^j,rev^(cj)|| < £1 and ||ev,;(cj)* - ev^(cj)|| < £1 
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for < j, r < n — 1. Let C S*^ be an open set such that exp(27ri77o) S V and such 
that C G ^ implies \( — exp(27ri77o)| < <^o- Letting Cjly denote the restriction of Cj, 
regarded as a section, to V, we get 

\\icj\v)icr\v) - ^j.rCjlyW < ei and ||(cj|-^7)* - Cj|^|| < ei 
for < J, r < n — 1, so that there are mutually orthogonal projections 

90, gi, • • --.qn-i e r{V) 

such that ll^j — Cjl^^ll < ^n^^e for < < n — 1. Since the restriction map 
A ~ r(S'^) r(V) is surjective, there exist bo,bi, . . . , G A such that bj \y — qj 
for < j < n — 1. 

Let the generators of A be as in Theorem ll.lOl and let f3 G Aut(A) be the unique 
automorphism such that 

f3{v) = ujv, Piw) = and /3{z) = z. 

Let £ Aut(A^) be defined by Priivjj) = wu^ and /3^(u',,) = tu^. Then ev^ o (3 = 
(3^ o evri- Since /3 sends continuous sections to continuous sections, there is an open 
set Uo C V such that 770 £ Uq and if 77 £ [/q then for < j < n — 1 and with 

bn = ba, 

WPvi^jiv)) -bj+iiv)\\ and \\f3r,oibj{vo)) - bj+iivo)\\ 
differ by less than ^e. For such 77 we have bj{ri) = qj{ri), so, using Cj{riQ) = pj and 
l^voiPj) = Pj+i at the second last step, 

WPviljiv)) - <lj+iiv)\\ < WPmXijim)) - 9i+i('7o)|| + 

< hj - CjMI + hj+i - c-j+ilyW + ||/3,,o(cj(?7o)) - Cj+i(?7o)|| + ie 

< ^n^^£ + + |e < e 

for < J < n — 1 . 

Using Lemma f 1.1 21 choose an open set U C Ua such that r/o ^ U and if 77 G [/ 
then for < j < 71 — 1 we have It,, ((7^(77)) — Trjg{qj{rio))\ < ^n^^e. 

Apply Lemma I2 . 91 with 9, n, k, 770, U, and F as given, with min(e, S) in place of 
e, and with S — {qo, qi, . . . , (?„-i}. We obtain 77 e (M \ Q) n ?7 and 

I = ihjh, ■ ■ ■ Jd) & '^'^ and tti = (ttii, 777,2, 771^) G Z''. 

Set 

x^^Ti'iiit^^-.-M^" and y = <i7i^"^ •■•^t™^ 

so that j/a; = exp(27r7?7)a;7/. Let ip: A,-/ — > Ag be the homomorphism such that 
(fiivrj) = X and (p{wri) = ?7, and set Cj = ip{qj{r])) for < j < ri — 1. We ver- 
ify Conditions (|2l, and ((SJ at the beginning of the proof for this choice of 
Co, ei, . . . , e„_i. 

We do Condition Because = 1 (mod n) and tti^ = (mod 77), we have 
a{x) = ijjx and Oi{y) = y. It follows that a o Lp — ip o f3ri. Therefore 

l|a(ei) - ej+i|| < ||/3,, (9^(77)) - gj+i(77)|| < e 

for < j < 77 ~ 1, as desired. 

Condition (jSJ is immediate from Part Q of Lemma [2. 91 
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Finally, we check Condition (j^J. By uniqueness of the tracial states, we have 
TOip — Tri- Therefore, using the choice of U at the second step and \\qj{rjQ) —pj\\ < 
at the third step, we get 

T{ej) = Triiqjir))) > T^^Mjirjo)) - i""^^ > ^"^(Pj) - 

Therefore 

1 — nr(eo) < 1 — nT{pQ) + |e < + — e. 
This completes the proof of ((JJ. I 

We next need to identify the fixed point algebra of the action in Proposition l2.10l 
with a suitable higher dimensional noncommutative torus. The following lemma, 
suggested by Hanfeng Li, is a substantial generalization of our original statement. 

Lemma 2.11. Let be a skew symmetric real d x d matrix. Let 

M = {mj,k)i<j,k<d e GLd(R) n M„(Z), 

and set 6 = M^6M. Let ui,U2, ■ ■ ■ ,Ud be the standard generators of Ag (as in 
Notation ll.lfl . and \etui,U2,---,Ud be the standard generators of Ag. For 1 < k < d, 
define 

Vk ^ ■U2 ■ ■ - Ud & Ag. 

Then Uk i— > Vk extends to an isomorphism Ag — > C*{vi, V2, ■ . . , Vd). 

Proof. It is easy to check that there exists a homomorphism : Ag Ag such that 
fiuk) = Wfe for 1 < fc < d, and clearly f{Ag) — C*{vi,V2, . ■ . ,Vd). We need only 
check that ip is injective. 

Define a group action 7: (S^)'^ — > Aut(Ae) by 7^1,^2,. ..,Cd("fc) = Cfe^^fc for 1 < fc < 
d and Ci:C2, ■ ■ ■ , Crf € . Similarly define 7: {S^Y Aut{Ag). It is well known 
(and is easily checked by averaging monomials in the Uk and Uk over the group) 
that the fixed point algebras AJ and A~ are both C • 1. In particular, the restriction 

of (fi to A- is injective. 

Since M g AldCZ), we have M'Z'' C Z*^, so that M' descends to a homomorphism 
/: {S^)'^ — > ('S'^)'*- This homomorphism is surjective because M is invertible over 
M. Define /3: {S'^y Aut(^g) by /3ci,C2,...,Cd = T'/(Ci.C2,...,Cd)- ^hen one checks, by 
examining the generators Uk, that <^ o /3ci,C2,. -,Cd = 7Ci,C2,. -,Cd °V for Ci;C2, ■ . ■ ,Cd & 
S^. Injectivity of p>\y^y now implies injectivity of (p, since if a is a nonzero positive 

element of Kei{(p), then averaging over (S"^)*^ gives a nonzero positive element of 
Ker((/j) n^l I 

Corollary 2.12. Let be a nondegenerate skew symmetric real dx d matrix. Let 
n e N, let 1 < Z < d, and let 

S = diag(l,...,l,n,l,...,l) eGLd(Q), 

where n is in the l-th position. Then Agtgg has tracial rank zero if and only if Ag 
has tracial rank zero. 

Proof. With Uk as in Notation ll.il set 

D = C*{ui, Ui_i, Ui, Ui+i, ...,Ud)C Ag. 

Calculating B^OB, wc find that D ^ Agtgg by Lemma [2 .111 
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Let a: Ag — > Ag the unique automorphism satisfying a{ui) = cxjp{2TTi/n)ui 
and a{uk) = Uk for k ^ I. We claim that Ag — D. That D C Ag is clear. For 
the reverse inclusion, define E : Ag ^ Ag hy E{a) = ^ Sj=o a-' (a). Then E' is a 
surjective continuous linear map, so it suffices to show that E(u^^u^'^ ■ ■ ■ u^"^) £ D 
for all m = (mi, m2, . . . , md) S Z'^. If mi is divisible by n then u^'^u^^ ■ ■ ■ u™"* is 
a fixed point of £■ and is in D, and otherwise £;(u7^u™= • ■ • uj") ^ e D. This 
proves the claim. 

Using Proposition 12.101 and Corollary 12.61 the result now follows from Theo- 
rem 4.8 of 28 . I 



3. Direct limit decomposition for simple noncommutative tori 

In this section, we use the results of the previous two sections to prove that every 
simple higher dimensional noncommutative torus is an AT algebra. 
The following result is essentially Corollary 6.6 of |18j . 

Proposition 3.1. Let a be a nondegenerate skew symmetric real bicharacter on 
Z". Suppose that Aa\^^^_^ is a simple AT algebra with real rank zero. Then A^ 
is a simple AT algebra with real rank zero. 

Proof. Let j3 = a|z"-ix{o}- We note that K,^{Ap) = Ki{Ai^) = Z^" ^ by Lemma [T31 
and by repeated application of the Pimsner-Voiculescu exact sequence |31| . In 
particular, both groups are finitely generated. Further write A^ = C*{Zi,Ap,ip) 
as in Lemma |l. 51 with if homotopic to the identity. Thus, in the notation of |18| 
(see the introduction to HHj), (fi £ IIInn(A^). So the proof of Corollary 6.5 of [T5) 
shows that the hypotheses of Theorem 6.4 of 521 hold. We know from Lemma [T!^ 
that Aa = C*{'Z,Afj,(p) has a unique tracial state. Therefore Theorem 6.4 of [TH] 
implies that Aa = C*(Z, A^, (p) is a simple AT algebra with real rank zero. I 

It is worth pointing out another version of the proof. The automorphism (p has 
the Rokhlin property by Theorem 6.1 of |17j and the preceding remark in 1171. 
The algebra Ap has tracial rank zero, since it is a simple unital AT algebra with 
real rank zero. Therefore (p has the tracial Rokhlin property for actions of Z, by 
Theorem 1.12 of "^F". It is approximately inner by Corollarv l2.6l So Theorem 3.9 
of applies, showing that Aa has tracial rank zero. Now one can conclude that 
Aa is an AT algebra by the same proof as for Theorem 13. 81 However, tracial rank 
zero is all that is really needed here. 

Lemma 3.2. The group GLd(Q) is generated as a group by GLd(Z) and all matrices 
of the form diag(l, . . . , 1, n, 1, . . . , 1), where n e N is nonzero and is in an arbitrary 
position. 

Proof. Let G be the subgroup of GLc;(Q) generated by GLc;(Z) and the matrices 
diag(l, . . . , 1, rt, 1, . . . , 1). It suffices to show that G contains all of the following 
three kinds of elementary matrices: 

i;f^(r) =diag(l,...,l,r,l,...,l), 
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where r G Q \ {0} and is the j-th diagonal entry in the matrix; the transposition 

(2) 

matrix Ej ^ , for 1 < j < k < d, which acts on the standard basis vectors by 
and the matrix E- ^ [r) for 1 < k < n with j ^ k and r G Q, given by 



5i 


l^J,k 




l=J 




I = k- 



If r = (— l)"'p/(7 with m = or m = 1 and with p and q positive integers, then 
Ef\r) = Ef\{-ir)Ef'>(j>)[Ef\q)\-\ 

where the first factor is in GLd(Z) and sf^ (p) and E^^^ (q) are among the other gen- 

erators of G. The matrix Ej ^ is already in GLd(Z). For Ej l{r), we may conjugate 
by a permutation matrix, which is in GLd(Z), and split off as a direct summand 
a (d — 2) X (d — 2) identity matrix, and thus reduce to the case d = 2, j = 1, and 
k = 2. Write r = p/q with p G Z and (7 G N. Then the factorization 



^0 1/ vol/ voi/voi 

shows that E[^l{r) G G. I 

Corollary 3.3. Let 6* be a nondegenerate skew symmetric real d x d matrix. Let 
B G GLc((Q). Then AB^es has tracial rank zero if and only if Ag has tracial rank 
zero. 

Proof. Combine Lemma [3.21 Remark |l .21 and Corollarv l2.12l I 

Lemma 3.4. Let be a nondegenerate skew symmetric real d x d matrix, with 
d > 2. Suppose that there is no subgroup H of Z"^ of rank d — 1 such that 9\h (in 
the sense of Remark ll.4|l is nondegenerate. Let r < d — 1 be the maximal rank 
of a proper subgroup H of Z"^ such that 0|h is nondegenerate. Then there exists 
B G GL<j(Q) such that B^OB has the block form 



Pi,i Pi, 2 

(Pl,2)' P2,2 



with pi^i and p2,2 nondegenerate skew symmetric real r x r and {d — r) x (rf — r) 
matrices, and where all the entries of pi, 2 are in Z. 

Proof. Let C Z"^ be a subgroup of rank r such that 9\h is nondegenerate. Since 
6 is not rational, clearly r > 2. Let {vi,V2, ■ . ■ , Vr) be a basis for H over Z. Choose 
Vr+i, ■ . ■ , Vd G Z"^ such that {vi,V2, . . . ,Vd) is a basis for Q'' over Q. For r + 1 < 
^ < c^, by hypothesis ^Ijy+zu^ is degenerate. By Lemma [TTTI there exists S 
spanQ(7? U {vk}) \ {0} such that (xk, 9y) G Q for all y G spanQ(_ff U {wfe}). Since 
is nondegenerate, we have Xk ^ spanQ(i/). Therefore G spanQ(i/ U {xfe}). It 
follows that 



Vr+l, . . ., Vd e SpanQ(wi, V2, ■ . . , Vr, Xr+1, ■ . . , Xd), 
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SO that {vi, V2, ■ ■ ■ , Vr, Xr+1, ■ ■ ■ , Xd) is a basis for Q''. By construction, we have 
{xk,9vi) e Q for 1 < Z < r and r + 1 < fc < d. Choose iV e Z \ {0} such that 
N{xk,0vi) G Z for 1 < Z < r and r + 1 < fc < d. 

Let B G GLrf(Q) be the matrix whose action on the standard basis vectors is 



BSk = 



Vk 1 < k < r 

Nxk r + 1 < k < d. 



Then for 1 < Z < r and r + 1 < fc < d, we have 

{Sk,B'eBSi) ^ N{xk,evi) eZ. 

Since B^OB is skew symmetric, this shows that it has a block decomposition of the 
required form. It is immediate to check that the two diagonal blocks must be non- 
degenerate, since otherwise B^OB would be degenerate, contradicting Lemma [lHI 
I 

Theorem 3.5. Let be a nondegenerate skew symmetric real d x d matrix, with 
d > 2. Then Ag has tracial rank zero. 

Proof. We prove this by induction on d. For d = 2, the Elliott-Evans Theorem [TH] 
shows that Ag is a simple AT algebra with real rank zero, and tracial rank zero 
then follows from Proposition 2.6 of jj^l (with C as defined in 2.5 of 19 ). Suppose 
d is given, and the theorem is known for all skew symmetric real k x k matrices 
with k < d. Let be a nondegenerate skew symmetric real d x d matrix. There are 
two cases. 

First, suppose that there is a subgroup Hq of Z'' of rank d — 1 such that 9\h„ (in 
the sense of Remark 1 1.411 is nondegenerate. Set 

H ^{xeZ'' : There is n G Z such that nx e -ffo}- 

Then H is also a subgroup of Z'' of rank d — 1, and 9\ho is also nondegenerate. 
Moreover, Z'^/H is torsion free and therefore isomorphic to Z, from which it follows 
that the quotient map splits. Thus there is an isomorphism Z'^ Z'^ which sends 
H isomorphically onto Z'^~^ © {0} C Z'^. Accordingly, we may assume that H = 
Z'^~^ © {0}. By the induction hypothesis, Ag\^ is a simple AT algebra with real 
rank zero. So ProDOsition l3 . II implies that Ag is a simple AT algebra with real rank 
zero. 

Now assume there is no such subgroup Hq of rank d— 1. Let B be as in Lemma lT^ 
with 

V (Pl,2) P2,2 

and where in particular all the entries of pi^2 are in Z. Then Agtgg ^ Ap for 

Pi.i 

P2,2 

Using the definitions of Ap, Ap-^ ^, and 2 ^.s universal algebras on generators 
and relations, one easily checks that Ap = Ap-^ ^ (g5 Ap^ 3. By the induction hypoth- 
esis, both Ap-^ J and Ap^ ^ are simple AT algebras with real rank zero. Therefore 
J ® Ap2 2 is a simple direct limit, with no dimension growth, of homogeneous 
C*-algebras. Since it has a unique tracial state. Theorems 1 and 2 of imply that 
Ap has stable rank one and real rank zero. This algebra has weakly unperforated 
K-theory by Theorem 6.1 of (Actually, this is true for any direct limit of the 
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type at hand.) It now follows from Theorem 4.6 of 21 that Ap-^ ^ ® ^ has tracial 
rank zero. So Corollary 13.31 shows that Ag has tracial rank zero. I 

We note that one could use the earlier Theorem 3.11 of jJT] to show that Ap-^ ^ (55 
Ap2 2 is an AT algebra with real rank zero, from which it follows that this algebra 
has tracial rank zero. The use of H. Lin's classification theorem, Theorem 5.2 of |23|. 
remains essential, because we can only prove that crossed products and fixed point 
algebras of actions by finite cyclic groups with the tracial Rokhlin property preserve 
tracial rank zero, not that they the property of being an AT algebra or even an 
AH algebra. 

Remark 3.6. Since the paper |14j remains unpublished, it is worth pointing out 
that the proof of Theorem 13.51 does not actually depend on this paper. In the 
proof of Lemma f 1.1 31 we need to know that the ordinary irrational rotation alge- 
bras have real rank zero, but this follows from Remark 6 of jJU]. In the proof of 
Proposition l2.10l we need to know that traces determine order on projections in Ag 
whenever Ag is simple. The proof of this in |3] does not rely on jJJ] , and in any case 
an independent proof (valid whenever 6 is not purely rational) is contained in |32j . 
And in the application of Theorem 6.4 of ^H] in the proof of Proposition 13. II we 
use the fact that Aa has a unique tracial state, rather than real rank zero, to show 
that Kishimoto's conditions hold. 

To finish the proof that Ag is an AT algebra, we use the following consequence 
of H. Lin's classification theorem for C*-algebras with tracial rank zero. This 
result is well known, but we have been unable to find it explicitly in the literature. 
Accordingly, we give it here. We include the AH and AF cases as well as the AT case 
for convenient reference elsewhere, because they have the same proof, although we 
do not use them here. 

Recall that an AH algebra is a direct limit of finite direct sums of corners of 
homogeneous C*-algebras whose primitive ideal spaces are finite CW complexes. 
See, for example, the statement of Theorem 4.6 of except that we omit the 
restrictions there on the type of CW complexes which may appear; or see 2.5 of [T^. 

Proposition 3.7. Let A be a simple infinite dimensional separable unital nuclear 
C*-algebra with tracial rank zero and which satisfies the Universal Coefficient The- 
orem (Theorem 1.17 of PHI)- Then A is a simple AH algebra with real rank zero 
and no dimension growth. If K^,{A) is torsion free, then A is an AT algebra. If, in 
addition, Ki{A) = 0, then A is an AF algebra. 

Proof. Theorems 6.11 and 6.13 of show that Ko{A) is weakly imperforated and 
satisfies the Riesz interpolation property (equivalently, by Proposition 2.1 of |13| . 
the Riesz decomposition property). We now apply Theorem 4.20 of ^21 to find a 
unital AH algebra B with real rank zero and no dimension growth whose ordered 
scaled K-theory is the same as that of A. Since A is simple, so is the partially 
ordered group Ko{A), and therefore B is also simple. If K^{A) is torsion free, 
we claim that there is a simple AT algebra B with real rank zero whose ordered 
scaled K-theory is the same as that of A. To prove this, note that Ko{A) can't be 
Z because A has real rank zero; then we apply the proof of Theorem 8.3 of 1^. (As 
noted in the introduction to [H], the part of the order involving Ki is irrelevant in 
the simple case.) We can certainly take the groups in the direct limit decomposition 
to be torsion free, so that the proof shows that all the algebras in the direct system 
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constructed there may be taken to have primitive ideal space the circle or a point. 
Then Theorem 4.3 of ^ shows they may all be taken to have primitive ideal space 
the circle. This gives the required AT algebra B. Finally, if in addition Ki{A) = 0, 
following [7] we may find a simple AF algebra B whose ordered scaled K-theory is 
the same as that of A. 

Proposition 2.6 of (with C as defined in 2.5 of TW) implies that simple 
AH algebras with real rank zero and no dimension growth have tracial rank zero. 
In particular, B has tracial rank zero. So the classification theorem for C*-algebras 
with tracial rank zero, Theorem 5.2 of implies that A = B.t 

Theorem 3.8. Let be a nondegenerate skew symmetric real d x d matrix, with 
d> 2. Then Ag is a simple AT algebra with real rank zero. 

Proof. Using Theorem 1.17 of |36| (see the preceding discussion for the definition of 
TV), it follows from Lemma [T31 that Ag satisfies the Universal Coefficient Theorem. 
Clearly Ao is separable and nuclear. Since 

KoiAp) ^ K.iAf,) = Z^""' 

by Lemma 11.51 and by repeated application of the Pimsner-Voiculescu exact se- 
quence PI], Theorem 13.51 and Proposition 13 . 71 imply that Ag is a simple AT algebra 
with real rank zero. I 

We now consider the isomorphism and Morita equivalence classification of simple 
higher dimensional noncommutative tori. For a nondegenerate skew symmetric real 
d X d matrix 0, Elliott |S] has determined the range of the unique tracial state Tg 
acting on Ko{Ag), in terms of the "exterior exponential" expy^(6'): A^^'^Z'' M. 
We regard 6* as a linear map from Z'^ A Z'^ to M. Following ^,iiip: K'"L'^ K and 
?/): A'Z'^ R are linear, we take, by a slight abuse of notation, ipAip: A'^+'Z'^ R 
to be the functional obtained from the alternating functional on (Z'^)'^+' defined as 
the antisymmctrization of 

(xi, a;2, . . . , Xk+i) ip{xi Ax2 - ■ A Xk^jixk+i A Xk+2 A • ■ • A Xk+i). 

In a similar way, we take ip®ip: h^Z'^ © A'Z'^ ^ R to be (^,77) 1-^ Lp{£,) + ^{rj). 
Then by definition 

exp^(e') 1 ® 6* © 1(6* A 0) ® ^(6* A 61 A 61) ® • ■ • : A^^'Z'^ ^ R. 

Elliott's result for the nondegenerate case is then as follows. 

Theorem 3.9. Let 6' be a nondegenerate skew symmetric real dx d matrix. Then 
there is an isomorphism h: KQ{Ag.) A''™"Z'* such that exp^(0) oh= [Tg.)*, and 
such that h{[\\) is the standard generator 1 e A°(Z'') = Z. 

Proof. This is 1.3, Theorem 2.2, and Theorem 3.1 of IH|. I 

For the Morita equivalence result, we need the following lemma. 

Lemma 3.10. Let Gi and G2 be finitely generated free abelian groups with the 
same rank, and let /i : Gi — > R and /2 : G2 — > R be homomorphisms with the same 
range. Then there exists an isomorphism 5: Gi — > G2 such that /2 05 = /i- 

Proof. Let C R be the common range. Then I? is a finitely generated subgroup 
of R, so is free. Let ti,t2, ■ . ■ ,tk G D form a basis. 



SIMPLE HIGHER DIMENSIONAL NONCOMMUTATIVE TORUS 



19 



Choose 771, 772, . . . , ?/fe G Gi such that fi{r]j) = tj for 1 < j < fc. Choose elements 
rjk+i-, r]k+2, . . . , 77n G Gi which form a basis for Ker(/i). We claim that 771, 772, . . . , 
form a basis for Gi. To prove linear independence, suppose '^jVj — 0- Apply 

/i to get ai = a2 — ■ ■ ■ = cuk — 0, and use linear independence of 77a:+i, ?7fc+2, ■ ■ ■ ,Vn- 
To show that they span Gi, let rj E Gi, choose ai, 02, ■ ■ ■ , ctk G ^ such that 
fiiv) = ^■ii'i use 7; — X]j=i Q^j^j G Ker(/i) to write this element as 

an integer combination of rjk+i,rik+2, ■ ■ ■ ^Vn- 

Similarly, there is a basis ^11,^12, ■ ■ ■ , fJ-nio^ G2 such that g{fJ.j) = tj for 1 < j < k 
and g{^ij) = for k ~\- \ < j < n. {It has the same number of elements because 
Gi and G2 have the same rank.) The required isomorphism g is now defined by 
specifying g{rjj) ~ iij for 1 < j < n. t 

Theorem 3.11. Let 61 and 6*2 be nondegenerate skew symmetric real dxd matrices, 
with d > 2. Then Ag-^ is strongly Morita equivalent to Ag^ if and only if there exists 
A > such that exjp^{9i) and Aexp/^(02) have the same range. 

Proof. By Theorem 13.91 the condition is equivalent to the existence of A > such 
that (tq-^)^ and X^Tg.^)^: have the same range. 

The condition is certainly necessary. For sufhciency, use Lemma 13.101 to find 
an isomorphism g: Ko{Ag-^) KQ(Ag^) such that A(t6)2)* o g = (rgj),. Since Ag^ 
has tracial rank zero, there are n G N and a projection p G MniAg^) such that 
[p] ~ .9([1]). Then Ag-^ and pMn{Ag^)p have isomorphic Elliott invariants, so Ag-^ = 
pMn{AgJ)p by Theorem 5.2 of ES]. I 

For the isomorphism classification, we have: 

Theorem 3.12. Let 6*1 and O2 be nondegenerate skew symmetric real dxd matrices, 
with d > 2. Then Ag-^ = Ag^ if and only if there is an isomorphism g: K^^™!/^ — > 
^cvcnjd g^(,j^ ih&t exp^(02) ° g = cxp^(6'i) and such that g sends the standard 
generator 1 G A°(Z'*) = Z to itself. 

Proof. By Theorem 13.91 the condition is equivalent to isomorphism of the Elliott 
invariants of Ag-^ and Ag^. Apply Theorem 5.2 of "53*. I 

One might hope that it would suffice to require that (rg-^)^ and (Tg^)* have the 
same range. We show by example that this is not true. 

Example 3.13. Choose /3, 7 G M such that 1, /?, 7 are linearly independent over Q. 
Set 

/0/37\ /0/37\ 
ei=\ -f3 f and ^2 = -/3 i ■ 

We claim that: 

(1) 9i and 62 are nondegenerate. 

(2) (re J* and (re^), have the same range. 

(3) Ag, ^Ag,. 

Set Ai = I and A2 = |, giving 

/ /3 7 \ 

01= { ~f3 Xi ]. 

V -7 -Ai J 
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To prove we verify the condition of Lemma Fl. 71 Thus, suppose x G Q'^ and 
{x, 9iy) e Q for all y e Q'^. Putting y = (1,0,0), we get -/3x2 - 72:3 G Q, whence 
X2 = X3 = 0. Putting y = (0,1,0) and using X3 = 0, we get Pxi e Q, whence 
xi = 0. So a; = 0, proving nondegeneracy. 

For the proofs of (0) and apply Theorem l3.9l to 9i and 6*2, obtaining isomor- 
phisms hi and /12. Use ex.p^{0i) o hi = (Tg, )*, and identify A^Z'^ with in such 
a way that 6*;, regarded as a linear map from Z'' A Z'' to R, sends the standard 
basis elements to A;, /?, and 7. Thus there are isomorphisms hi: KQ{Ae^) Z** 
such that /ii([l]) = (1,0,0,0) and such that the map fi'. 'Z,'^ ^ R given by n 
ni + Xin2 + /3n3 + 7^4 satisfies (rgj, = fi o hi. 

We prove (0) by showing that the ranges of /i and /2 are equal to ■IZ + /3Z + 7Z. 
This is obvious for /2. Also, it is obvious that 

l,i/?,7G/i(Z*) C iZ + /3Z + 7Z, 

whence also /iCZ^) = iZ + /3Z + 7Z. 

We turn to the proof of Q- It suffices to show that there is no isomorphism 
g: Z"* Z* such that /20.g = /i and (jf(l, 0,0,0) = (1,0,0,0). Suppose we had such 
a map g. The equation (7(1,0,0,0) = (1,0,0,0) determines the first column of the 
matrix of g. Since 

/2(0,2,0,0) = |, /2(0,0,l,0) = /3, and ^(0, 0, 0, 1) = 7, 

the other columns are determined by 

5(0, 1, 0, 0) e (0, 2, 0, 0) + Ker(/2), g(0, 0, 1, 0) £ (0, 0, 1, 0) + Ker(/2), 

and 

5(0,0,0,l)e(0,0,0,l) + Ker(/2). 

Now 

Ker(/2) = {(-r, 5r, 0, 0) G Z^: r e Z}. 
So there are r,s,t £ Z such that 

/I -r -s -t \ 

_ 2 + 5r 5.S 5t 
■^^0 10' 
\ 1 / 

Now g can be invertible only if 2 + 5r = ±1, which is not possible for r G Z. This 
proves ©• 

We do, however, get the following result. Recall that the opposite algebra A°p 
of a C*-algebra A is the algebra A with the multiplication reversed but all other 
operations, including the scalar multiplication, the same. 

Corollary 3.14. Let be a nondegenerate skew symmetric real dx d matrix, with 
d>2. Then (Ae)°P ^ Ag. 

Proof. Using classification (for example. Theorem 5.2 of (23I)i one sees that every 
simple AT algebra A with real rank zero is isomorphic to its opposite algebra, 
because the ordered K-theory of A°p is the same as the ordered K-theory of A. I 

As far as we know, it is unknown whether {Ag)°P = Ag for general degenerate 9. 
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Corollary 3.15. Under the hypotheses of Proposition imH and with the additional 
condition n ^ 1, the action of Z„ on Aq generated by a does not have the Rokhhn 
property. 

Proof. Clearly this action is trivial on K^,{Ag). It follows from Theorem 13.81 that 
the hypotheses on the algebra in Theorem 3.5 of [El are satisfied. This theorem 
implies, in particular, that if the action had the Rokhlin property, then Ag would 
be isomorphic to its tensor product with the n°" UHF algebra. The K-theory shows 
this is impossible. I 
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